Abstract-For multilevel converters, as their selective harmonic elimination (SHE) equations are highly related to the switching patterns, it is almost impossible to give a complete study for all the switching patterns under the traditional SHE framework. In this paper, a unified SHE approach is proposed, in which the various SHE equations for different switching patterns are merged into one group of unified SHE equations and the inequality constraints on the switching angles are eliminated at all. This unified SHE equations can be solved by any methods, which have been used in solving the traditional SHE problems. By using the theory of Groebner bases and symmetric polynomials, all the possible switching patterns and the corresponding switching angles can be solved simultaneously. The study on the case for four switching angles discovers some unusual switching patterns that have the lowest total harmonic distortion for low-modulation indices. Also, the case for nine switching angles with modulation index m = 0.72 is studied; in total, there exist 43 groups of switching angles, which belong to 33 different switching patterns. Experiments on a 13-level cascaded-H bridge converter verify the correctness of this unified multilevel SHE approach.
I. INTRODUCTION

I
N many medium-and high-power applications, such as motor drives, distributed renewable generation systems, static synchronous compensators, etc., the converters are usually operated with very low switching frequency of only a few hundred hertz to keep the switching losses low and reduce the electromagnetic interferences (EMIs). With such a low switching frequency, the traditional carrier pulse width modulation (PWM) would produce lots of low-order harmonics which are harmful to both the grid and the equipment. Hence, the selective harmonic elimination (SHE) PWM, which can eliminate the low-order harmonics precisely, has been widely used in these applications. Unlike the traditional modulation-based methods, the SHE technology is a computing-based method, and the key point to realize it is to solve the switching angles from a group of nonlinear transcendental equations. Generally speaking, the developments of SHE since its birth in 1960s involves two aspects: the mathematical models or the formulas of SHE and the algorithms to solve them.
A. Mathematical Models of SHE
The idea of SHE was first introduced in [1] , where the harmonics were controlled by the switching angles, whereas the fundamental was controlled by the shifted phase between the two legs of a full bridge. Then, this ideal has been further developed in [2] to eliminate the harmonics and control the fundamental by both the switching angles; the mathematical models of SHE for the two-level and three-level inverters were proposed and have been widely adopted in most research studies. As SHE offers several advantages compared to the traditional PWM methods, such as the high output quality at low switching frequency and the high utilization of the dc voltages, it attracts lots of attentions in the medium-and high-power applications [3] - [11] . Along with the ever-increasing demand on the converters power rating, the multilevel converters, which can achieve high power using mature medium-power semiconductor technology, have gradually become the first choice for the high-power applications since their birth in 1975. Quite naturally, the SHE technology that is also very suitable for the high-power converters has been first introduced to control the multilevel converters [12] by the same way as mentioned in [1] . Then, in [13] , the SHE formulas for the multilevel converters with staircase output waveform were derived and have been widely studied in lots of literature studies. As the staircase SHE scheme has no solutions for the low-modulation indices, in order to realize SHE in wide range of modulation indices, multiple switching patterns were used and a more general formula was derived in [14] ; in this SHE model, the signs before the cosine items can be "+" or "−" which depends on the transition state on the switching angles in a quarter period. Later, the same idea was used in [15] , which proposed a unified approach to solve the SHE equations for multiple switching patterns by using the resultant elimination theory. In [16] , by considering that the dc sources of the cascaded multilevel converter maybe unequal, a 0885-8993 © 2016 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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more generalized SHE formula for cascaded multilevel voltagesource converters was proposed. In [17] , a novel multilevel SHE formula for quarter-wave symmetric waveform was proposed, which is simple in format and suitable for multilevel inverters with any levels and any topology. In [18] , a novel SHE-based fundamental modulation strategy for multilevel inverters was proposed; compared with conventional schemes, more kinds of stepped waveforms can be adaptively synthesized, and it is more possible to obtain the optimal solutions for the SHE problem at low-modulation indices. If the quarter-wave symmetric of the output waveform is relaxed to half-wave symmetric [19] , [20] , or even nonsymmetric [21] - [23] , the mathematical models of the SHE problem becomes more complicated, and some new properties could be explored; however, these are beyond the subject of this paper.
B. Solving Algorithm
Due to the nonlinear transcendental nature of the SHE equations, it is not very easy to get the switching angles and lots of algorithms have been proposed to solve this problem. In early days, the Newton iteration methods [24] - [27] are usually used to solve the SHE equations for two-level and three-level converters, and then, in order to relax the requirement on choosing initial values, the Walsh functions [28] and the homotopy algorithm [29] , [30] are introduced to solve the SHE equations. Later, along with the development of multilevel converters, the multilevel SHE problem attracts more and more attentions. Unlike the two-level and three-level cases, the solution trajectories for multilevel cases are much more complicated and usually discontinuous on many modulation indices; the methods used to choose initial values for the two-level or three-level SHE equations are no longer competent for the multilevel cases. Hence, another type of random searching methods have been introduced to solve the multilevel SHE equations, such as the genetic algorithm [31] - [33] , the particle swarm optimization algorithm [34] , the bee algorithm [35] , etc. Although both of the numerical methods and random searching methods have been successfully used in many applications, there are still some limitations of them. First, the initial values must be well selected; otherwise, the iteration will probably be diverged; second, only partial solutions can be obtained, although some methods with the capability to find multiple solutions have been proposed [36] , [37] ; they still have missed some true solutions for some cases; third, when these algorithms fail to provide a final result, it is not clear that whether it is caused by the selection of initial values, or the parameters are unsuitable or there are indeed no solutions for the SHE equations. In order to overcome these problems, several computer algebra-based methods have been proposed, such as the resultant elimination method [38] - [42] , the Wu method [43] and the Groebner bases method [44] , [45] . Due to their completeness in mathematics, these methods have no requirement on choosing initial values and can find all the possible solutions; however, the only problem of these methods is the huge computation burden. Except for the aforementioned three categories of methods, in recent years, some totally different approaches for SHE have been proposed, such as the modulated-based approach [46] and the four-equation-based method [47] , [48] . For more details about the developments of SHE technology, one can refer to these two review literature works [49] , [50] .
Although the SHE technology has gotten considerable progress and has been successfully used in many applications, there are still some problems that can be further improved. Let us define "switching pattern" as the combination of rising edge "↑" and falling edge "↓" on the switching angles; obviously, both of the traditional two-level and three-level SHE have a fixed switching pattern with an alternating order of "↑" and "↓." But for the multilevel SHE, as each switching angle has two possible states, there are 2 N switching patterns for N switching angles in total. For most existing SHE models, one switching pattern corresponds to one different SHE equations; new initial values are required and the solving algorithm must be executed once again [17] . In [15] , the multiple SHE equations were integrated into one unified equations by using variable substitutions; however, this conversion produced multiple inequality constraint conditions that need to be checked one by one. These methods can work well when the switching angles are less; if the switching angles become more, it is unrealistic to enumerate all the switching patterns. Furthermore, for each switching pattern, there probably exist multiple solutions. So, how to get all the possible solutions for all the switching patterns is a valuable research direction for optimal SHE for multilevel converters. In this paper, a unified multilevel SHE approach that can deal with all the switching patterns is proposed, and it abandons the multiple inequality constraint conditions in [15] . By using the Groebner bases and symmetric polynomials theory, all the solutions for all possible switching patterns can be solved at the same time. So, the optimal switching angles and the corresponding switching pattern can be easily identified.
II. UNIFIED SHE EQUATIONS FOR MULTILEVEL CONVERTER
In order to make this unified SHE approach much easier to understand, a case of multilevel converter with four switching angles is taken as an example to uncover the underlying mathematical and physical meaning of the switching patterns and the unified SHE equations.
A. Switching Patterns and Their SHE Equations for Multilevel Converter With Four Switching Angles
For a cascaded H-bridges multilevel converter with four switching angles, there are in total 2 4 = 16 different switching patterns, which are shown in Fig. 1 . According to the formulas used in [14] - [17] , each switching pattern has a different SHE equations. For example, for switching patterns 15 and 13, the SHE equations to eliminate 5th, 7th, and 11th harmonics are listed as (1) and (2) 
Obviously, if the constraints are not considered, (1) and (3) are actually equivalent in mathematics and have the same solutions.
By using this method, all the switching patterns listed in Fig. 1 actually share the same SHE equations as (1), and the difference among them is the inequality constraint condition. This is the main idea in [15] ; however, if the underlying deeper meaning of the constraints or the switching patterns is explored in mathematics, we can find that the 16 different constraints actually divide the solution space of (1) into 16 different subspaces, and the traditional SHE method just searches solutions within a specific subspace, which is defined by its constraint or switching pattern. So, the solutions that dissatisfy the constraint usually considered as false solutions by the traditional SHE equations, but in fact, they are the correct solutions for other switching patterns. On the other side, if (1) is solved without considering any constraints and its complete solution set is obtained, then, for any solution picked up from the set, there are some angles locate in (0, 
π) must be modified to their supplementary angles. Then, the switching angles together with their states are rearranged in ascending order, and we obtain the final switching angles and their switching pattern. From this point, the multiple SHE equations or the multiple inequality constraints for different switching patterns are unnecessary for multilevel selective harmonic elimination, whereas just one unified SHE equations as (1) is enough to describe all the switching patterns, and the consideration about the inequality constraints can be eliminated at all, as any possible solution for (1) actually belongs to a physical realizable switching pattern.
B. Unified SHE Equations
Now, considering the more general cases that the multilevel converters with N switching angles, it is easy to derive their unified SHE equations by using the same way applied to the case of four switching angles, which is shown as
where the number of the equations usually equals the number of switching angles. As one equation is used to control the amplitude of fundamental to a desired value, N − 1 arbitrarily selected harmonics can be eliminated from the output voltage.
Comparing the proposed unified SHE equations with the other SHE formulas proposed in [14] - [17] [51], and [52] , although just some slight modifications have been made, it brings a lot of convenience to apply SHE in multilevel converters. By using these unified SHE equations, the solutions for various switching patterns can be solved simultaneously by executing the solving algorithm only once, and during the solving procedure, no operations are needed to check the constraints, which can save much computing time.
In [51] and [52] , a similar terminology of "distribution ratio" is used to identify the switching patterns, although the case of 17 switching angles is studied; the SHE equations they adopted actually depend on the switching patterns, and just a very limited number (less than 9) of switching patterns are studied, but actually, there are 2 17 = 131 072 switching patterns in total; many switching patterns that may have better performance are neglected. Moreover, the usage of "distribution ratio" would probably encounter the situation that two waveforms with the same "distribution ratio" have different SHE equations, as it is assumed that the switching angles on each level are all contiguous, but there definitely exist some waveforms that have the same count of switching angles on each dc level, but the switching angles are not contiguous. However, this limitation can be overcome by using the proposed unified SHE equations, as all the switching patterns or distribution ratios have the same equations.
III. METHODS TO SOLVE THE UNIFIED SHE EQUATIONS
Obviously, all the algorithms mentioned in Section I-B can be used to solve these unified SHE equations. In order to demonstrate how to get all the solutions for all the switching patterns and realize the real optimal SHE modulation in the full range of modulation index, the algebraic method based on Groebner bases and symmetric polynomial [44] , [45] is adopted here. By using the multiple-angle formulas and substitute cos(θ i ) with x i , (1) can be converted to the following polynomial equations:
A. Theory Background of the Elementary Symmetric Polynomials
Denote f (x) = x n + a 1 x n −1 + · · · + a n −1 x + a n as a univariate polynomial defined on the real number field, and x 1 , x 2 , · · · , x n are n roots for equation f (x) = 0. Then, f (x) can be rewritten as follows:
If (6) is expanded and compared with the original form of f (x), it can be seen that there exists the following relationship between the coefficients a i and the roots x i , i = 1, 2, . . . , n:
If the signs of a i are omitted, (7) turns into the definition of elementary symmetric polynomials [53] . For example, the elementary symmetric polynomials for n = 4 are defined as follows:
According to the fundamental theorem of symmetric polynomials, (5) can be converted to the following polynomials in terms of the elementary symmetric polynomials (e 1 , e 2 , e 3 , e 4 ): As the expressions of p 2 , p 3 , and p 4 are too long, their intermediate items are omitted here. After this conversion, the solution of (5) is turned into solving (e 1 , e 2 , e 3 , e 4 ) from (9) and then solving (x 1 , x 2 , x 3 , x 4 ) from (8) . As the modulation index m is a constant, there are actually only three variables in (9); furthermore, the degrees of (9) are much lower than that in the original equations (5), so the computation burden can be reduced dramatically. Although any of the aforementioned three categories of methods can be used to solve (9), the computer algebra-based methods are the preferred methods if we want to get all the possible solutions. Comparing the two typical algebraic methods, i.e., the resultant elimination method and the Groebner bases method, the latter is much suitable for solving (9) as it can convert the SHE equations to one univariate high-order equation plus a group of linear equations. Let us give an example to demonstrate how to solve all the possible switching patterns and the corresponding switching angles for the multilevel SHE equations with a given modulation index.
B. Solving Procedure of the Unified SHE Equations
Step 1 (Computing the Groebner bases): Assume the modulation index m = 2; then, (9) 4 . For more details about the Groebner bases theory and its application in solving SHE equations, one can refer to [44] and [45] .
Step 2 (Solving the canonical equation system): The first equation in (10) is a six-order polynomial equation in e 4 , so there are at most six solutions for e 4 . As e 4 = x 1 x 2 x 3 x 4 and −1 < x i < 1, the solutions outside (−1, 1) are not the true solutions for e 4 and must be removed. In this case, there are six solutions for e 4 , which are listed as follows: For each solution of e 4 , there are only one group of solutions for e 2 and e 3 , so, in total, there are six groups of solutions for (e 1 , e 2 , e 3 , e 4 ) which are listed in Table I .
Step 3 (Constructing univariate polynomials and solving the switching angles): For each group of solutions for (e 1 , e 2 , e 3 , e 4 ), although the final solutions for (x 1 , x 2 , x 3 , x 4 ) can be solved from (8) by using the resultant elimination method as in [40] and [41] , it is more or less complicated and unnecessary. As mentioned in Section III-A, the coefficients and the roots of a univariate polynomial have a relationship as 
There are several benefits to solve (11) rather than (8) . First, a univariate polynomial equation is much easier to be solved than a group of multivariate high-order polynomial equations. Second, for each group of solutions of (e 1 , e 2 , e 3 , e 4 ), solving (11) produces at most one group of solutions for (x 1 , x 2 , x 3 , x 4 ), whereas solving (8) would probably produce many intermediate solutions as all the equations in (8) are high-order equations. Third, the order among x i no longer needs to be considered; the only condition must be checked is that whether all the roots are real roots and located in the range (−1, 1) . For example, if we substitute the first group of solutions in Table I into (11) and then solve it, the following four roots are obtained: They are all real roots and located in (−1, 1), so they are the true solutions for (x 1 , x 2 , x 3 , x 4 ). The switching angles corresponding to x 2 , x 3 , and x 4 can be computed by the inverse cosine function and that are 48.8396
• , 23.2742
• , and 3.35492
• , respectively. The switching angle for x 1 is
180
• − cos −1 (−0.5750802554) = 54.895
• .
Step 4 (Recovering the transition state for the switching angles):
The transition state on each switching angle is decided by the following rules: if x i > 0, the transition state is rising edge "↑"; otherwise, the transition state is falling edge "↓." Then, the switching angles together with their transition state are rearranged in ascending order; the final switching angles and their switching patterns are obtained as shown in the first row in Table II . For the last group of solutions for (e 1 , e 2 , e 3 , e 4 ), as its constructed univariate equations (11) has complex roots, they are the false solutions and must be removed. For the other solutions in Table I , the corresponding switching angles and their transition state are obtained by using the same method and are listed in Table II. 
IV. SOME CASE STUDIES
A. Multilevel Converter With Four Switching Angles
In order to illustrate how to identify the optimal switching patterns and corresponding switching angles in full range of modulation index, the case of multilevel converter with four switching angles is studied; although this case has been studied in [15] , several switching patterns that may have better performance are not considered. However, by using the proposed unified approach, all the 16 switching patterns can be studied at the same time. The computation results show that nine switching patterns have solutions in a specific range of modulation index, and the switching angles versus modulation index for each switching pattern are shown in Fig. 2 .
It can be seen that each switching pattern can only cover a narrow range of modulation index; if the full range SHE modulation is required, multiple switching patterns must be applied. The achievable range of modulation index for each switching pattern is shown in Fig. 3 ; it can be seen that for a given modulation index, there probably exist multiple switching patterns, and furthermore, for each switching pattern, there are probably exist multiple solutions. For example, switching patterns 1, 3, and 6 can be used for low-modulation indices, and there exist multiple solutions for pattern 1. For modulation index around 0.6 and 1.4, there are four switching patterns can be used. So, how to identify the optimal switching pattern and the corresponding switching angles is critical to achieve the best performance of the converters. Usually, the total harmonic distortion (THD) defined as (12) is used to evaluate the performance of the switching patterns and the corresponding switching angles
where V i is the amplitudes of the fundamental or the harmonics; the THD is computed up to 49th harmonic; if needed, more harmonics can be included. By comparing the THDs for all the switching patterns and the switching angles at each modulation index, the optimal switching patterns in full range of modulation index can be identified, which are shown in the bottom line of Fig. 3 and in Fig. 4 . The optimal switching angles that can achieve the lowest THD are shown in Fig. 5 . It can be seen that almost all the switching patterns could be the optimal switching pattern at some modulation indices; hence, we should use different switching patterns for different range of modulation index to achieve better performance. In this case, the staircase modulation pattern as pattern 15 is best for high-modulation indices, and for the low-modulation index, the switching pattern 3 is the preferred switching pattern. One interesting thing should be noticed is that, for the low-modulation indices, although the switching patterns 3, 4, and 6 seem strange and almost have not been studied in the published literature yet, their THDs are lower than the commonly used three-level pattern as patterns 1 and 2 at many modulation indices.
B. Multilevel Converter With Nine Switching Angles
The case of multilevel converter with four switching angles is more or less simple that it can also be handled by other methods like [15] ; in order to show the power of this unified approach, a more complicated case with nine switching angles is studied. In total, there are 2 9 = 512 switching patterns that correspond to 512 different SHE equations or inequality constraints, so it is unrealistic to enumerate all the possible switching patterns under the traditional SHE framework. But for the proposed unified approach, only one group of SHE equations needs to be solved and the multiple constraint conditions can be removed; moreover, all the possible switching patterns and the corresponding switching angles can be obtained at the same time.
As there are nine switching angles, the output PWM waveform can vary from three-level to 19-level, and the maximum modulation index could be close to 9. The case of low-modulation index m = 0.72 is studied here; in total, there exist 43 groups of switching angles which belong to 33 different switching patterns, and the detailed results are listed in Table III . However, it does not mean that all the 43 groups of switching angles can be realized by a real multilevel converter; actually, for a cascaded H-bridge converter, how many groups of the switching angles can be realized depends on the number of the cells of the converter. If there are two cells on each phase, it can realize the first 30 groups of switching angles, and the minimum cell number to realize all the 43 groups of switching angles is four.
This unified SHE method provides us more choices to control the multilevel converters; however, in actual applications, which group of switching angles should be used is not only limited by the hardware of the converter; in order to achieve best performance, many factors must be synthetically considered to identify the optimal switching angles, such as the THD, the conduction losses of the switching devices, the common-mode voltage, the EMI, the torque and speed pulsation for motor drive, etc. Here, the THDs for the 43 groups of switching angles are evaluated and listed in the ascending order in Table IV , which vary from 29.53% to 37.50%; as the modulation index is quite low, a large amount of energy is concentrated on the harmonics and result in the relatively high THDs. Like the case of four switching angles, the commonly used three-level pattern, although it has six groups of switching angles, their THDs are at least two percentage points higher than that of the 16th or 17th group of switching angles, so it is not the preferred switching pattern for low-modulation indices.
V. EXPERIMENTS
A prototype three-phase cascaded H-bridge converter has been built to verify the correctness of the switching angles solved by this proposed unified SHE approach. The cell number is six on each phase, so it can produce 13-level PWM waveform and realize all the 43 groups of switching angles listed in Table III . The cells use FDD8424H(40V/20A) as the switching device and ADuM3220 as the gate driver and isolator. An ARM Cortex-m4-based microcontroller STM32F407 is used to generate the PWM gating signal and control the multilevel converter. The dc power supply is an 18-channel isolated dc source which can provide separated 15-V dc voltages for each cell, and the fundamental frequency is 50 Hz. The experiment results show that all the 43 groups of switching angles can eliminate the aimed 5th, 7th, 11th, 13th, 17th, 19th, 23rd, and 25th harmonics very well. As limited by the Fig. 6 . Three-level phase voltage generated by the first group of switching angles in Table III. length of this paper, it is impossible to list all the PWM waveforms and fast Fourier transform (FFT) analysis for the 43 groups of switching angles. Just the experiment results for the 1st, 17th, 31st, and 43rd group of switching angles are given here; each group represents one realizable level number, and the 17th group of switching angles has the lowest THD. The waveforms of the phase voltages generated by these four Fig. 7 . FFT analysis of the phase voltage in Fig. 6 . Fig. 8 . Five-level phase voltage generated by the 17th group of switching angles in Table III . Fig. 9 . FFT analysis of the phase voltage in Fig. 8 . Fig. 10 . Seven-level phase voltage generated by the 31st group of switching angles in Table III. groups of switching angles and their FFT analysis results are shown in Figs. 6-13, respectively. As m = 0.72 is actually a high-modulation index for the three-level switching pattern, most of the energy of the voltage waveform is concentrated on the fundamental frequency, and the amplitudes of the loworder triplen harmonics are small. With the increase of the level number, the energy of the voltage waveform is also increased, Fig. 11 . FFT analysis of the phase voltage in Fig. 10 . Fig. 12 . Nine-level phase voltage generated by the 43rd group of switching angles in Table III . but the energy of the fundamental is fixed; hence, as implied by the shape of the waveforms, the low-order triplen harmonics are increased significantly, especially the third harmonic. Although the triplen harmonics can be eliminated automatically in a symmetric three-phase system, they may cause some problems in some applications, such as the common-mode voltage in the motor drives and the zero-sequence circulating currents in the paralleling inverters. So, the selection of the switching angles is an elaborate work which needs to be treated carefully; the performance of the switching angles and the features of the particular applications must be considered synthetically.
VI. CONCLUSION
In this paper, the multiple switching patterns for multilevel converter are fully studied under a unified framework, in which only one group of SHE equations needs to be solved and the inequality constraints are eliminated. By using the Groebner bases and symmetric polynomials, all the possible switching patterns and the corresponding switching angles can be obtained at the same time, and this provides more choice for multilevel SHE; furthermore, the real optimal SHE modulation can be realized in full range of modulation index by adopting different switching patterns for different modulation indices. The case studies for multilevel converters with four switching angles and nine switching angles discover that some unusual switching patterns, rather than the commonly used three-level pattern, have the lowest THD for low-modulation indices. The experiments on a 13-level cascaded H-bridge converter shows that all the 43 groups of switching angles can eliminate the aimed harmonics very well, which verifies the correctness of this proposed unified SHE approach for a multilevel converter. 
